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Abstract 

We prove a compactness result for minimal hypersurfaces with bounded index and 
volume, which can be thought of as an extension of the compactness theorem of Choi- 
Schoen [4] to higher dimensions. 


1 Introduction 


Compactness theorems for minimal hypersurfaces are integral to proving existence results 
and allow for a deeper understanding of the space of minimal hypersurfaces admitted by a 
closed manifold. Due to the recent work of Marques-Neves |13j minimal hypersurfaces exist in 
abundance at least in the case of positive Ricci curvature for the ambient metric. Moreover, 
since these minimal surfaces are smooth and have bounded volume, we have some control on 
their index due to results of Ejiri-Micallef [51 Theorem 4.3] (when n = 2) and Cheng-Tysk 
[31 Theorem 3] (n > 3b]. Thus it makes sense to study their compactness theory. 

In general, smooth minimal submanifolds are analytically well controlled if they have bounded 
volume, and point-wise bounded second fundamental form A - at which point we know that 
such manifolds are uniformly graphical about each of their points, and that these graphs 
are analytically well controlled. Therefore given any sequence of minimal submanifolds with 
a uniform bound on volume and second fundamental form, a smooth compactness theorem 
easily follows. In the case of minimal surfaces ^ the work of Choi-Schoen [J] gives us 
something stronger: if N satisfies Ricn > a > 0 then the space of closed, embedded minimal 
hypersurfaces with bounded genus 7 is strongly compact in the smooth topology - there is 
some smooth minimal hypersurface for which a subsequence converges locally graphically to 
this limit. In other words, a bound on the genus gives rise to a point-wise bound on the 
second fundamental form, and global control on area. 

In higher dimensions n > 3 and M" ^ again with RicN > a > 0, control on topology 

of M” can never give a strong compactness theory due to counter-examples for the spherical 
Bernstein problem of Wu-Yi Hsiang m- In particular, when N = with the round metric, 
there exists a sequence of smooth embedded {M|} C such that; < A < 00 , 

(but are not great spheres in S'^) and Mk converge (as varifolds) to a singular 

‘Department of Mathematics, South Kensington Campus. Imperial College London, LONDON, 
SW7 2AZ, UK, ben.g.sharp®gmail.com 

^We remark that the index bounds of Ejiri-Micallef when n = 2 require a more subtle treatment than the 
higher dimensional case of Cheng-Tysk which follows by an adapted argument of Li-Yau on estimating the 
index of operators in Euclidean space m 
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C 5”^ - it has two singularities at antipodal points of and is topologically ^ 
where the equivalence ^ pinches the top and bottom tori x {1},T^ x {0} to points. 
Therefore any generalisation of Choi-Schoen to higher dimensions would involve control on 
some other quantities. 


If we go back to n = 2 we remark that a genus bound gives a bound on area due to a result of 
Choi-Wang (when M is two-sided) and Choi-Schoen [i] (for general M): if an embedded 
minimal surface in has Euler characteristic x(M), letting ni{N) be the fundamental 
group of N and again Ricn > a > 0 then 


< — 
a 


ki(iv)| 



Furthermore, a bound on genus and area gives a bound on index due to results of Ejiri-Micallef 
[H Theorem 4.3]: 


index{M) < C{N){n\M) + i - 1) < C{N)— (- x(M)) 

where the first inequality holds without control on the codimension or a lower bound on 
RicN and C{N) depends linearly on the dimension, and on the second fundamental form of 
some isometric embedding of N into a Euclidean space. Here index{M) is the Morse index 
- the number of negative eigenvalues associated with the Jacobi (second variation) operator 
for minimal hypersurfaces M <Z N: 

Q{v,v) := [ - \A\‘^\v\‘^ - RicNiv.v) dVM, (1) 

Jm 

where v G T(NM) is a section of the normal bundle and is the normal connection. Thus 
when n = 2 we clearly have 


index{M) + n^{M) < C(iV)^ ( 

We remark that if M is two-sided then we can consider Q to be defined on smooth functions 
over M since every such v = fv for some choice of unit normal v and / G C°°{M). We 
obtain 

Q{v,v) = Q{fJ):= [ |V/p-(|Hp+fficjv(i/,z.))/2 dVM. (3) 

Jm 

Thus, in all dimensions, if Ricn > a > 0 then Q{f,f) < 0 whenever / = 1. Therefore 
there are no stable (index zero) two-sided minimal hypersurfaces in such N. By considering 
a totally geodesic RP^ C RP^ we can see that there exist one-sided and stable minimal 
hypersurfaces in manifolds of positive Ricci curvature. 

It now seems reasonable to question whether bounded volume and index is sufficient for a 
compactness theorem in all dimensions? 

In |15j Schoen-Simon prove a regularity and compactness theorem for orientable hypersurfaces 
with bounded volume which are stationary (minimal) and stable (index zero) in arbitrary 
closed N. As an application of such a result they extend the work of Ahngren [5] and Pitts 
m to prove existence and regularity of minimal hypersurfaces in closed manifolds. 

The theorems in m are proved under the assumption that M G IVn{N'^~^^) (the space of 
integrable varifolds) with R'^~‘^{sing{M)) = cH. The results of Schoen-Simon follow from 

^in general, due to Allard’s regularity Theorem (see e.g. m or ^), any stationary integral varifold M 
is smooth in an open and dense subset, denoted reg(M), and we let sing{M) = spt{M)\reg{M) denote the 
singular set 
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an in-depth local analysis of stable minimal hypersurfaces, with all estimates proven about 
points in M under normal coordinates for N. The assumption on the singular set allows for 
the use of suitable test functions in the second variation formula m- a-priori one can only 
test Q with functions supported away from the singular set but this can be relaxed under 
the restriction {sing{M)) = 0. The main technical result [TSl Theorem 1] being that 
if a stable hypersurface is sufficiently Hausdorff close to a plane in normal coordinates, then 
the surface must decompose (on a possibly smaller region) into a multi-valued smooth graph 
over this plane and is therefore a smooth minimal hypersurface here. The regularity and 
compactness theorems m Theorems 2 and 3] then follow by a suitably adapted dimension- 
reduction argument of Federer coupled with the results of Simons [18] that stable cones C 
in are hyperplanes when n < 6, can have an isolated singularity when n = 7, and 

(^gijig{C)) = 0 for all /3 > 0 when n > 8. 

Here we will use the local results of Schoen-Simon in order to prove a compactness theorem 
for minimal hypersurfaces with bounded volume and index when 2 < n < 6. The rough idea 
being to use a notion of almost minimising (or almost stable) due to Pitts [Tl]; if we have a 
sequence of say, index one smooth hypersurfaces {M^} with bounded volume, then we know 
they varifold converge to some stationary limit M by Allard’s compactness theorem [1]. Now, 
pick a point in M and let B^{x) be some small ambient ball. If i?e(a;) DM^ is stable for all k 
(up to subsequence), then M fl B^{x) would be almost minimising in the sense of Pitts and 
we have the strong regularity results of Schoen-Simon to apply here. Moreover if Bg{x) fl Mk 
is unstable for all k sufficiently large, there cannot be a second ball in Mk\B^(x) which is 
unstable - otherwise the index of the approaching would eventually be two c.f. Lemma 

o 


We prove moreover that the convergence must be graphical over most of M - away a hnite 
set of points - and if the number of leaves in the convergence is eventually equal to one, the 
convergence is smooth and graphical everywhere, with the limit having the same index bound 
as the approaching hypersurfaces. Furthermore if the number of leaves in the convergence 
is bigger than one then the limit must be stable if it is two-sided. An easy corollary of this 
result is that if the ambient manifold has strictly positive Ricci curvature RicN > a > 0, 
then the space of finite volume and index minimal hypersurfaces is strongly compact in the 
smooth topology. In view of (O we therefore have recovered the result of Choi-Schoen |3] 
when n = 2 and extended this appropriately for higher dimensions. 


Acknowledgements I would like to thank Andre Neves for the inspiration for this work 
and many useful discussions. I was supported throughout by Professor Neves’ European 
Research Council StG agreement number P34897. 


2 Statement of results 


Central to our argument is the following result of Schoen-Simon m Corollary I]. Here, we 
need only assume that is a complete Riemannian manifold. Following [151 p. 784] 

(with slightly different notation), let p be a fixed point in TV, a the injectivity radius at p 
and po € (0, a). B^ (p) is the open geodesic ball of radius p < po and centre p. Finally pi is 
a constant such that 


sup 


dgij 

dx^ 


< gi, 


sup 


dx^dx^ 




where {x®} are normal coordinates with respect to B^^{p) and gij are the metric components 
in these coordinates. In [IS] they use the notation that M = reg{M) and M = reg{M) U 
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sing{M) = spt{M) when M is viewed as an integral n-varifold, i.e. M G We will 

use the more standard notation reg{M), sing{M) and spt{M) - see [TB] for an introduction 
to varifolds. 

Theorem 2.1. \15\. Corollary 1] Suppose M G IVn{N'^^^) is stationary with reg{M) embed¬ 
ded and orientable. Letp G spt{M) with'H^{Mr\Bp^{p)) < oo, {sing{M)r\Bp^{p)) = 0, 
and suppose that M is stable in {p) with respect to the area functional. Then 

'H‘^(sing(M) n B%_(p)) = 0, a > 0, a>n—7. 

2 

If n <6 and Pq fl < g then 


C 

sup |A| < — 

(p) 

for some C = C{n, g, gipo) < oo. 

Remark 2.2. We point out here that in the case n = 2 a trivial extension allows one 
to have the same result as above but with the assumption TL^{sing{M)) < oo - we dis¬ 
cuss this in the appendix. Moreover we mention that a highly non-trivial extension of this 
work, due to Neshan Wickramasekera m would in particular allow one to assume only that 
TL^~^{sing{M)) = 0 for all dimensions. 

Here we prove the following in the smooth setting, but we note that it will hold assuming lower 
regularity of N. Let B^^{p) for p G reg{M) be as above. In normal coordinates (we 

will assume that T^M = M" = {zn+i = 0} C let Cp = H"(0) x R where denotes 

a ball in R” = T^M. We will say that Mk —>■ M smoothly and graphically at p G M if for all 
sufficiently large fc, there exists some p < Pa and smooth functions u\,...,u^ : Bf; —R such 
that Mk n Cp is the collection of graphs of the u\ and —>■ 0 in for all fc > 2. Thus we 
can also find p > 0 such that we can consider the u], to be defined on M fl B^. We note that 
if the convergence is smooth and graphical away from a finite set y and M is connected and 
embedded (so that M\y is also connected) then the number of leaves in the convergence is 
a constant over M\y. 

Theorem 2.3. Let 2 < n < 6 and be a smooth closed Riemannian manifold. If 

{MJf} G N is a sequence of closed, connected and embedded minimal hypersurfaces with 

TC{Mk) < A < oo and index{Mk) < I 

for some fixed constants A G R, / G N independent of k. Then up to subsequence, there 
exists a closed connected and embedded minimal hypersurface M G N where Mk —>■ M in the 
varifold sense with 

'H"(M) < A < oo and index{M) < I. 

Now, assuming that Mk M eventually, we have that the convergence is smooth and graph¬ 
ical for all X G M\y where y = {pz}f£i G M is a finite set with K < I and the following 
dichotomy holds: 


• if the number of leaves in the convergence is one then y = 0 i.e. the convergence is 
smooth and graphical everywhere, moreover 

— if M is two-sided and Mk fl M = 0 eventually then M is stable 

— if M is two-sided and Mk H M ^ 0 eventually then index{M) > 1 

• if the number of sheets is >2 
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— if N has RicN > 0 then M cannot be one-sided 

— if M is two-sided then M is stable. 

Remark 2.4. The index bound is necessary to obtain the above convergence by considering 
a family of Scherk surfaces, or a family of Costa-Hoffmann-Meeks surfaces with genus going 
to infinity in a Euclidean ball. 

We also remark again that control on the topology and volume alone is not enough to ensure 
such a compactness result, given the examples of Hsiang m mentioned in the introduction. 

We recall the result of Choi-Schoen [1]: 

Theorem 2.5. Theorem 1] Let N be a compact 3-dimensional manifold with positive 
Ricci curvature. Then the space of compact embedded minimal surfaces of fixed topological 
type in N is compact in the topology for any k > 2. Furthermore if N is real analytic, 
then this space is a compact finite-dimensional real analytic variety. 

A corollary of our main theorem is the following strong compactness result for embedded, 
closed minimal hypersurfaces in closed manifolds with RicN > 0 and 2 < n < 6. We re¬ 
mark that, viewing m, such manifolds do not admit two-sided stable minimal hypersurfaces. 
In view of ([2]) we note that this recovers Theorem 12.51 when we restrict to n = 2. 

Corollary 2.6. Let be a closed Riemannian manifold with Ric^ > 0 and 2 < n < 6. 

Denote by 9Jl"(N) the class of closed, smooth, and embedded minimal hypersurfaces M C N. 
Then given any 0 < A < oo and I € N the class 

M{A,I) := {M G : n^{M) < A, index{M) < 1} 

is compact in the topology for all k > 2 with single-sheeted graphical convergence to some 
limit M G A4{A,I). 

Remark 2.7. Notice that by an easy argument we have the existence of some C = C{A, I, N) 
such that for any M G M{A,I) (see also [H Theorem 2]) 

sup |A| < C. 

M 

We also have that eventually the graphical, single-sheeted convergence implies that Mk is 
diffeomorphic to M for sufficiently large k. Thus there exists some C = C{A,I,N,i) such 
that for any M G A4{A,I), letting bi{M) denote the Betti number we must have 

h{M) < C. 


Proof of Corollary \ A. 7\ The proof is essentially trivial given Theorem l2.3l - given a sequence 
in this class we know that if we do not have smooth, single sheeted graphical convergence to 
some limit M then M is two sided and it is stable, which cannot happen because Ricjsr > 

0. □ 


3 Supporting results 


Whilst our main concern here is with smooth hypersurfaces, we sometimes work within the 
class of integrable varifolds - see [16] for an introduction. Thus we will assume that we are 
working with M G 714, (iV) (the space of integral n-varifolds in iV) and we let 

reg{M) = {x G M\Bg{x) fl M is an embedded, connected manifold} 
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with sing{M) = spt{M)\reg{M). Therefore 'H^~^{sing{M)) = 0 and reg{M) being ori- 
entable generalises the notion of closed orientable hypersurfaces. For us is a smooth 
manifold, so wherever M is stationary and it must be smooth. 

The first variation of volume with respect to Cl vector helds X S r(T7V), corresponds to 
the derivative of the variation of M, induced by X. Therefore M is stationary if 



t=Q 


Vol{ilt[M)) = [ diVM{X) dH” 

J M 


=: 5m{X) 


for all compactly supported vector fields X^ where X{x) = ■ Since we are 

considering closed N we can assume that N ^ K.^ is isometrically embedded and consider 
the first and second variation formula for M C - except we obviously restrict to vector 
fields X £ r(TA^). The stability of M in some open set U C iV, is the assumption of 
positivity of the second variation, derived in [TB] for M C 


0 < 


f divM{Z) + {divMiX))^ + . T,){Xr,x ■ n) AW 

J M 


=■■ 5lj{X) 


for all X £ T{TR^), such that X{x) £ WN for all a; £ and X is compactly supported 
in some open U C where U H N = U. Here Z{x) = ^ and {r^} is 

some orthonormal basis of M at a given point x. If X is supported away from sing(M), then 
setting X-*- to be the projection of X to the normal bundle NM C TN and the normal 
connection in NM we have 

6lj{X)= [ -\A\'^\X^\^ - Ric{X^,X^) AW =Q{X^,X^). 

J M 


Thus if M is two-sided in N, setting / = (X, v) £ Cl{reg{M)), for some unit normal i/ along 
reg{XI) then it can be checked that 

sUx) = [ |V/|2 - (|X|2 + u))f AW = Q{f, /). 

J M 

In the case that M is two-sided and 'W~^{sing{XI)) = 0, stability is equivalent to the 
positivity of Q{f,f) along bounded and locally Lipschitz functions / (possibly non-zero over 
the singularities of spt{XI)), which follows from an easy cut-off argument. 

Furthermore, if M is two-sided and n = 2 we can relax the assumption on the singular set 
to W{sing{M)) < oo and still work with such / - this is discussed in the appendix and the 
distinction is important for us. We remark that the results of Schoen-Simon can be trivially 
extended to the case that W{sing{M)) < oo when n = 2 due to this fact. Actually, in 
m a much more general regularity and compactness theory is developed for stable minimal 
hypersurfaces, where a weaker assumption on the singular set is imposed in all dimensions; 
in particular one need only assume that W~^{sing{XI)) = 0 to recover the results of Schoen- 
Simon. 

It is worth mentioning here that if Mk —>■ M varifold converge then we have both SMtiX) —>■ 
Sm{X) and 5\j^{X) — 6j^{X) for any X £ Cl{TN). In particular, if there are K disjoint 
open sets Ui .. .Uk on which XI is unstable, then eventually XIk is unstable on each Ui for 
1 < i < X and thus has index{XIk) > K c.f. Lemma IXTI We also note Allard’s compactness 
theorem; for a sequence of bounded mass and stationary {M^} C IVn{N) there exists some 
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bounded mass and stationary M G IVn{N) such that a subsequence converges in the sense of 
varifolds (i.e. in the sense of Radon measures on the Grassmann bundle of n-planes in TN); 
moreover if W^{Mk) is uniformly bounded then they converge in Hausdorff distance also - 
a consequence of the monotonicity formula. Thus if Mk are connected then M must be as 
well. 

Lemma 3.1. Suppose M N is a smooth, embedded hypersurface with index{M) = I. 
Given any eolleetion of I + 1 open sets {Ui}l^l, Ut C N and Ut fiUj = % when i ^ j then 
we must have that M is stable in Ui for some 1 < i < / + 1. 


Proof. We proceed by contradiction; suppose that there exists some collection of {Ui} as 
above but for all 1 < z < / + 1 there exists Xi G C{{Ui) with Slj{Xi) < 0. Letting X^ be 
the projection of Xi along the normal bundle of M, we have a collection of / + 1 mutually 
orthogonal sections (all of which are non-zero) and with Q{X:^, X^) < 0 for all i. Thus 
index{M) > /, a contradiction. □ 


4 Proof of Theorem 12.3 


Proof of Theorem 1 2. tA Allard’s compactness theorem [U chapter 6] tells us that there exists 
some M such that (up to subsequence) Mk —>■ M in the varifold sense (and thus in Hausdorff 
distance), with M stationary, integral and connected. We can moreover choose a subsequence 
and assume wlog that index (Mk) = I for all k. 

Before we continue the proof we need a lemma which is an easy corollary of the work of 
Schoen-Simon, Theorem O 

Lemma 4.1. Let x G M with M as above and be the injectivity radius of N. Assuming 

the hypotheses of Theorem \2.,‘A if there exist R G (0, ^), fco G N such that for all k > ko we 

have Mk is stable in (x) then M fl (x) is smooth and the convergence is smooth and 

2 

graphical for all y G B^{x) fl M, again up to a subsequence. 


Proof of Lemma EH Theorem O tells us that for any y G Mk fl B^ {x) we must have 


sup |Afc| < C, 
B%{y) 


where C = C{N, n, A, R) < oo. This follows because N is compact; there is a uniform upper 
bound on 




dgij 





/ii := sup max < 

yeN 

sup 

B^+bo) 

dx^ 

5 

\ 

sup 

B^+bo) 

dx^dx’- 

> 




T 


/ 


where the above is taken over normal coordinate balls centred at y. Moreover Mk fl B^ {x) 
must be orientable for r < and all k since B^ is simply connected. An easy covering 
argument gives that B^(x) fl Mk have uniformly bounded second fundamental form and 

4 

volume and a standard compactness argument finishes the proof. 


□ 
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Claim 1: The singular set of M has at most I points. Suppose for a contradiction 
that there are at least / + 1 points C sing{M) and fix 

£0 < - niin{niin(ig(xi, Xj), cr^}. 

Lemma mu tells us that there must be some subsequence (not re-labelled) such that Mk is 
unstable in Bf^(xi) for all 1 < i < / -|- 1. By construction we have / -I- 1 disjoint open sets 
and Lemma mu tells us that for each k, Mk must be stable in one of them, a contradiction. 
Thus we have proved the claim. 


Claim 2: For each Xi € sing(M) there exists some £i such that M is stable in 

(xi)\{xi}. Again we argue by contradiction. Suppose therefore that for all £ > 0 there 
exists some G C^(B^(xi)\{xi}) such that Sl^(Xs) < 0. Pick 

£ii > 0 and Xi G (xi)\{xi}) satisfying Slf(Xi) < 0. 

Now pick 0 < £^2 < £ij so that spt(Xi) C B^^ (xi)\B^^ (xi) and of course there exists some 
X 2 G C^(B^ S^(X 2 ) < 0 by assumption. The same argument produces 0 < 

£i 3 < £i 2 , X 3 G C^(B^^(xi)\{xi}) with Slj^Xs) < 0 and spt{X 2 ) C B^.^{xi)\B^.^{xi). In 
this way we can construct infinitely many Xg with disjoint supports and for which 5\j{Xg) < 0 
for all s. Since Mk —>■ M in the sense of varifolds, given any S > I we can find k sufficiently 
large for which Sl^^{Xs) < 0 for all s < S. Each Xg restricts to each Mk to produce S 
non-zero and mutually orthogonal vector fields contributing to the index of Mk and we have 
our contradiction. 

Therefore for all Xi G sing{M), M\{xi} is stable locally about each Xi so 

r = 0 if n > 3 
'H'^~‘^{sing{M)) < 

[ < 00 if n = 2 . 

By the regularity results of Schoen-Simon c.f. Theorem 12.II and Remark 12.21 we end up with 
the desired regularity of M. 

We now investigate what kind of convergence we have over M. By Lemma l4.II land arguing 
exactly as in Claim 1) we know that there is a finite set y = C M such that 

the convergence is smooth and graphical over x G M\y and K < I. Now for any open 
n CC M\y, there exists a finite cover of 17 and local graphs over each element in the cover. 
Letting k be sufficiently large (so that the Hausdorff distance of Mk to M is sufficiently 
small) we can consider the part of Mk over 17 to be within a normal tubular neighbourhood 
of 17, therefore there exist layered graphs from 17 parametrising Mk and defined on these 
components. Note that the number of leaves is eventually a constant integer since M is 
smooth and connected (and therefore M with a finite number of small discs removed is also 
connected). 


Claim 3: index{M) < I. Assume for a contradiction that index{M) > I, i.e. there exist 
/ -I- 1 section r(NM) which are - orthonormal and 

^z) — ^ O' 

Now let Xi be an arbitrary extension of Si to the rest of N. We know that eventually 
we must have d\f^{Xi) < 0 for all i, therefore the sections = X^*" {Xi projected onto the 
normal bundle of NM^ C TN) must be linearly dependant for all k - otherwise index{Mk) > 
I. 


Thus there exist G K not all zero such that + • • • + = 0. We 

can take a subsequence and re-order so that max{|/r^|} = then dividing through by 

—M/+1 and re-labelling we can assume that H-h fijs’} with all of the |/if | < 1. 

Now, we know that 

f dn^ ^0, asfc^oo, (4) 


'Mfc 


which follows from the monotonicity formula {Xj'‘ is the projection of X onto TMk): For 
all small e > 0 note that over 


the convergence is smooth and graphical thus 

rTk\2 


I 

J M 


1^; 


dH" 


0 , as fc —>■ oo. 


By the monotonicity formula (see e.g. [THl Remark 17.9 (3)]) 

|^T .|2 < Csup\X,\^e^ 


I 

J M 


where C = C{'H'^{Mk)), and dH) follows. 
Therefore we also have that 


lim 

k—¥co 


[ {sls'^^)dn- = \im ([ {X,,X,)-{Xj^,Xj>^) duA 


{si,Sj) d'H" = 5ij. 


Hence for * < / -|- 1 


0 = 


/( 


lim f (s/+i,sj=) d'H” 
JMk 

lim f + 

Jm. 


k—^oo 

lim /rf 

k—¥oo 


Mk 

k 


implying that /rf —)► 0 for all i. But then it is easy to see that this implies limfc_>.oo Isj+i P = 
0 which is a contradiction and the claim follows. 


Claim 4: If the number of leaves in the convergence is eventually one then the 
convergence is smooth and graphical over all of M. Initially all we know is that this 
is the case over XI\y, but the full statement will follow from Allard’s regularity theorem. 
Let e: > 0 and suppose the convergence is not graphical over some point x G M. We know 
we can pick r{x,e) > 0 sufficiently small such that (we may denote ||M||(C/) = dTt" 

since M has multiplicity one) 

ipU — 

Now by varifold convergence we know that (since r is sufficiently small and \\M\\{dB^{x)) = 

0 ) 

||A4||(H,^(x)) ^ ||M||(H,^(x)) < (l+£)r" 
thus for all sufficiently large k 

\\M4iB^{x))<{l + 2s)r-. 
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Now pick r > rj = ri{e, r,n) > 0 to be specified later (again by Hausdorff convergence) we get 
that for all sufficiently large fc, and any yk G Mk H [x) 

\\Mk\\{B^_^{yk)) < \\Mk\\{B^{x)) < (1 + 2e)r’" = (1 + 2e)(r - ry + r?)" < (1 + 3e)(r - ry)” 

where now we have picked rj sufficiently small so that the last inequality holds true. 

Since e was arbitrary, we can apply Allard’s regularity theorem and conclude (in particular) 
that Mk n Brj{x) is smooth for all k with uniform L°° control on the second fundamental 
form. Thus the convergence must be graphical everywhere over M and we have proved the 
claim. 

If N has positive Ricci curvature and M is one-sided we lift everything to the universal cover 
TT ■. N ^ N. By Frankel’s theorem [51 Generalised Hadamard Theorem], since > 0, 

the lifts Mk and M are all connected (if not, any two components must intersect which is a 
contradiction). Also, N is simply connected so we must have that Mk and M are orientable 
(and thus two-sided) embedded minimal hypersurfaces. Furthermore, we still have smooth 
graphical convergence of the Mk to M away from y = 7r~^y, and the number of sheets is 
again > 2. Thus we reduce to the below: we will prove that M is a stable, two-sided minimal 
surface in N which contradicts the positivity of the Ricci curvature. 

The rest of the proof now concerns the situation where M is two-sided and the graphical 
convergence is a single leaf or the graphical convergence has more than one leaf. 

We now follow the ideas developed in [m, see also |5]. If the number of leaves is bigger 
than one, or there is a single leaf always lying on one side of M then we now prove that 
index{M) = 0, i.e. M is stable. Roughly speaking, if a sequence of minimal hypersurfaces 
converge smoothly and graphically to some fixed minimal surface, then eventually one should 
see a smooth variation of the limit through minimal surfaces - i.e. there must be a solution to 
the Jacobi equation. This is given explicitly by suitably re-normalising the geodesic distance 
between the limit and the approaching surfaces as in m- If a single sheet converges totally 
on one side then this is always positive, moreover if there are many sheets, then over most 
of M we can construct a positive solution (the signed distance between the top and bottom 
sheet). In either case, we end up with a signed solution to the Jacobi operator. Once we 
know there is a strictly positive solution then this must correspond to the lowest eigenvalue 
and there can be no index (by standard minimax methods). 

In the case that the convergence is single sheeted and on both sides (i.e. Mk 0 M 0 - we 
will assume that Mk yf M otherwise the conclusion is trivial), the procedure gives a solution 
to the Jacobi equation which is neither strictly positive or negative, thus the first eigenvalue 
is negative by standard minimax arguments. 

We give the details in the case that the number of sheets is > 2, and leave the case of single 
sheet convergence - “one-sided convergence” and “two-sided convergence” - mostly to the 
reader since it follows easily from the below. 


Claim 5: If the number of sheets is > 2 and M is two-sided then there exists a 
smooth positive solution the the Jacobi equation over M\y. Given any compact 
domain fl CC M\y we know that we can find J > 0 and k sufficiently large such that there 
is some set of functions {ul < u\ < ■ ■ ■ < u^} G L> 1 such that 

Mfe n = {Expx{v{x)u\{x)),... ,Expx{v{x)uk{x))} 

where Q.s is a J-normal neighbourhood of Gl. Now consider the following path of smooth 
hypersurfaces in fig, for Vk{x,t) := tu^{x) -I- (1 — t)u\{x) given by 

Efc(t) := {Expx{v{x)vk{x,t)) : a; £ fl} 
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and notice that any compactly supported ambient vector field Z € gives rise to 

variations of Sfc(t), denoted 


Sfc(t,s) = = ips(£^xpa:(iy(x)vk(x,t))) : X e fl} 

= (V’s)tt(Sfe(t)). 

where is a family of diffeomorphisms induced by Z i.e. Z(x) = 


. We have 


ds 


Vol{^k(t,s)) = f dwsfc(t)(2') d'H’" 

=0 ./Efc(t) 


and this is a smooth function of t by the definition of We also know that this quantity 

is null when t = 0,1 for all fc, thus there exists some tk £ (0,1) such thalU 


0 = 




ds 


Vol{'Zk{t,a)) 


/ div^^(^t^){Vk) + (dwE^(t^)(Xfc))(dwSfc(tfc)(^)) + 

J Et, (tic) 


'llfc(ifc) 

n n 

+ E(Vr.,W)-" • ^ (Tfc,, • Vr,,,Xk)iTk,, ■ Vr,,Z) (5) 

i—1 i,j—l 


where 


Xk{-^l^{x)) = 




dt 


dKsi^) 


and Vki'^loix)) = 




dtds 


, ZiKoix)) = 

and {Tfey} is some orthonormal basis for Sfc(t) at any given point. We could have also written 
Xk{y) = d^(a:)vk{a:,t)Expx{jy{x){uk{x) - ul{x))) where y = Expx{v{x)vk{x,tk)) 


and Vfc = XxkZ- 

We also know that Vk{x,t) —>■ 0 uniformly and smoothly in a; as fc —>■ oo (since rtj. —>■ 0 
uniformly and smoothly see also [6], [17]), for any t G [0,1], / G [1,1^] and thus Sfc(t) converges 
smoothly and graphically to f2. Moreover Z, 14 are compactly supported on each Sfc(t). 
Thus, restricting to vector fields Z that are normal along 17 (i.e. are written as p(x)v{x) 
for some y G (7)?° (17)), standard integration by parts and submanifold formulae lead to: that 
hk{x) = u^(x) — ul(x) solves, for all y G 


0 = 


J yhk-Xri - {\A\‘^ + Ric{iy,v))hkri + (divn{akyhk) + bk-Vhk + Ckhk^ rj dVn (6) 


where akyb^^Ck go to zero smoothly and uniformly on 17 - see [m p. 3330. Now consider 
17' CC 17 and re-normalise hk{x) := hk{yo)~^hk{x) for some fixed yo G 17', a Harnack 
estimat(0 gives smooth control over compact subsets 17" CC 17'. Thus we can conclude that 
(since hk > 0) we converge locally and smoothly to a non-trivial solution h : M\{yi} —^ R>o 
of 

— Ajvfh — (|4p + i?jc(z/, i/))/i = 0 (7) 


®by following the computations in 1161 Section 9] except we have considered the two parameter variation 
of fl. Once again we have considered C fV CC K''' and restricted to variations which are tangent to N 
^to see this notice that if © holds on then we recover © with ak,bk, Cfc all zero - but as fc —>• oo we 
are converging smoothly to this situation where Efc(tfc) converges to H smoothly and graphically 

^since is a positive solution to a sequence of uniformly elliptic equations with smooth coefficients, 
once the coefficients Ufc, are sufficiently small - |10l Corollary 8.21] gives an estimate and then |1QI 

Theorem 9.11] gives a estimate (by Sobolev embedding), but then a simple bootstrapping argument 

gives smoothness 
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and for any n CC M\y we have smooth estimates for h. Moreover the maximum principle 
tells us that h > 0 on M\y. 

We point out here that when the number of sheets is one then we follow the above ideas, 
except that we set Vk{x,t) = tuk{x) which is defined over all of M. Thus hk{x) = Uk{x) solves 
over all of M and we can re-normalise hk{x) := \\hk\\ j^2 (^j^-^hki^x) . Then standard elliptic 
estimatet@ give smooth control and convergence of hk to a non-trivial limit h satisfying ([7]) 
on M. In the case that we have one-sided convergence then hk > 0 which is preserved in the 
limit (by the maximum principle and that ||hfc||i2 = 1), thus we have a signed solution to 
the Jacobi operator h and the limit must be stable (by minimax methods). In the case that 
we have two-sided convergence then h cannot be either strictly positive or negative, therefore 
there must exist at least one negative eigenvalue by minimax methods. 


Claim 6: The solution h to ([71) extends to a smooth positive solution to the Jacobi 
equation over all of M. To see this it suffices to check that h is bounded over the Ui G y 
and thusQ that we have a strictly positive solution to the Jacobi equation over all of M. In 
other words, M must be stable by a standard minimax argument. 

We use an argument which can also be found in [6]: let yi € y and for r/ sufficiently small 
consider {z ^,..., z"} geodesic normal coordinates on B^{yi). Extend these to exponential 
normal coordinates {z^,..., on some small neighbourhood U in N about yi. In z 

coordinates consider a cylindrical neighbourhood Co = x (—co,co) in for cq small. 

Given e > 0 we can find k sufficiently large so that the graphs < e, moreover 

letting X = (z^,..., z”) we can extend each u\ to the interior of iJ” by w\{x) = \x\^u\{-^^). 
We can thus ensure that < Ko\\u\.\\c'^,c(^qb'^) < Koe. By the proposition in the 

appendix of m, setting 77, Co and then e sufficiently small (i.e. k sufficiently large) we can 
foliate Co by minimal graphs (with respect to N) v\ ^ over B"!^ such that 

vl t{x) = t + wKx) =t + u\.{x) for X € dB^, t G [—cq,cq] 

and 

where the latter follows easily from the proof in [T^] and the fact that ||tCfc||c2,a(_B^) < 
C2,Q('aB^) {Kx is some uniform constant independent of k). We note that the result 
of White is only proved when n = 2 but it follows trivially in higher dimensions - see [H 
Remark 2]. 

Setting q we know that the difference 14 := — vl solves some uniformly elliptic 

differential equation (see [7J pp. 237-238] in the case that n = 2) 

LkVk = + b>y{Vk),i = CkVk. 

Letting gij be the metric components of N in z-coordinates, we have that the coefficients 
a’^pb'^,Ck are all uniformly controlled by g/g% - Moreover 

when {||u]cl|c2.“(aB")}i=i,L are sufficiently small (i.e. k sufficiently large), then is uni¬ 
formly elliptic, independently of k. Thus there is some K2 > 0 such that | + | + |cfc | < K2 

and ^ 7^ 1^1^ ^ ^ weak maximum principle, in particular [TUI The¬ 

orem 3.7] 

sup 14 < sup Vfc + Ko sup 14 

B- dB^ B- 

^similarly to the above |101 Theorem 9.11] gives a estimate, but then a simple bootstrapping argument 
gives smoothness 

^it is therefore a weak, signed solution over the whole of M with a global bound, yielding smooth estimates. 
The maximum principle tells us that it must be strictly positive over all of M. 
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where for 77 sufficiently small, we can assume that K 2 < Therefore, when 77 is sufficiently 
small 

sup 14 < 2 sup Vfc = 2 sup(itfc — ul). 
dB^ dB^ 

For k sufficiently large let be the connected component of M fl Co such that 77 ^ (x) G Mj^ 
for some x G dB'^. Similarly, let be the connected component in M fl Co corresponding 
to uj,. 

We note by the maximum principle that = 0 when t > 0 and vl = 0 

when t < 0. Therefore letting Dk C denote the domain of definition of hk = uj^ — ul we 
can conclude that 

sup hk(x) < sup( 7 ;^ — vl) < 2 sup(ul(x) — ul(x)) = 2 sup hk{x). 

Dk B? asj 

Thus we have that h is bounded over yi and we have proved claim 6 . 


□ 


A The results of Schoen-Simon 


In [T^ they consider functionals F on balls in ]R"+^ which correspond to the volume functional 
of hypersurfaces in small normal coordinate balls about points in N. In other words, when 
considering minimal hypersurfaces M G IVn{N), if we take a normal coordinate ball about 
some point ( 77 ) C N and let M C Bp^^(0) be Mr\B^^ (p) then they consider the functional 
F such that 

Vol{MnB^^{p))= [ F{y,B{y)) dn-{y) 

J M 

where u is the unit normal on M in K". We will obviously not distinguish between {p) 

and M below, moreover we remark that if M r\B^^{p) is stable then M is stable with respect 
to the functional F where we test against variations that are compactly supported in (p). 
See |15j for further details, in particular for a precise definition of the functionals F under 
consideration there. We briefly fist the necessary properties of F following dSl p. 743]; we 


assume it to be a function i?p+^( 0 ) x (R"+^\{ 0 }) —R 

F{y, XZ) = XF{y, Z) for all A > 0 and (y, Z) G B"^\0) x (]R’"+i\{0}), ( 8 ) 

2 

and there exist /i, pi such that 

< F{y,v) < p, |V 2 F(y,i/)| < y for (y, z/) G x S'", |a| < 3, (9) 

2 

|V?V^F(y,z/)| <yl“l for (y, z/) G x S", |a| + |/3| < 3, 0 < |a| < 2 (10) 

2 

where a, (3 are multi-indices and Vi,V 2 denote differentiation with respect to the first or 
second component of F. Furthermore F is the area integrand when y = 0, i.e. 

F{0,Z) = \Z\. (11) 


Finally, for all w G B'^^{0) there is a diffeomorphism : Bp^^{0) —>■ Bp^^{0) with 
'ipwifi) = w and 

®^Pb?+4o) < y, supj^g^n+i^Q) |V“7/z^| < pf |a| = 2,3, 

tpljF{y, Z), satisfies (l51)- (fTT]) above with the same p,pi, (12) 

where tj}lF{y,Z) = F{tl;^{y),{{dytl;^)-^)*{Z)), dytp^ is the derivative at y and * denotes 
the adjoint. 
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Theorem A.l. \15l Theorem 1] Suppose F is a functional on satisfying (l51)- (fT^ . 

and M be an orientable embedded hypersurface in which is F-stable and satisfy 

TL^^M) < ijlPq and ‘H'^~^{sing{M)) = 0. There exists a number So = So{n, p, pi, pipo) S 
(0,1) such that if x = (x e R^jXra+i) e spt{M) n p e (0,^), M' is the connected 

component of M in C{x,p) = Bp{x) x R and 

sup \yn+l - Xn-i-l\ < SoP, PlP<So, 

y=(yGR",y„+i)GM' 

then M' n C{x, |) consists of a disjoint union of graphs of functions ui < < ■ ■ ■ < ul 

defined on B’j (x) satisfying 
2 


max sup (|Vui| +p|V^Ui|) < CSq 

* B" (x) 

2 


where C = C{n, p, pip) < oo. 

Remark A.2. This is clearly false if we remove the stability assumption by considering a 
blown down catenoid in a Euclidean ball and F is exactly the area integrand of The 

catenoid has index one and if we scale it down it eventually has index one in any ball about 
the origin, moreover it converges to a plane of multiplicity two - in particular we can make 
it satisfy all the the conditions above, except the stability condition - but it can never be a 
multi-valued graph at the origin. 

We also remark that the condition 'hP{sing{M)) = 0 when n = 2 is sufficient for the above 
theorem to hold - we check this below and note that this is a trivial extension of the above 
result. As mentioned previously a result of Neshan Wickramasekera |20) would in particular 
allow one to assume only that {sing{M)) = 0 for all dimensions. 


The following regularity (and compactness) theorem then holds: 

Theorem A.3. U5[ Theorem 3] Suppose M is an orientable embedded hypersurfaces 
in Bp^^{0) which is F-stationary and stable (F as above). Moreover H”(M) < ppg and 
n^-\singiM)) = 0. Then 

TC^ {sing{M) fl = 0 for all a > n — 7. 

2 

Moreover when n < 6 there is a constant ci = ci{n, p, pipo) such that 


sup |A| < cipo 


-1 




where A is the second fundamental form of M in 

Remark A.4. We can therefore conclude when 2 < n < 6 that if Fg are a sequence of 
functionals all satisfying ©-(El) uniformly, such that they converge in to some limit 
functional F\ then any sequence Mg of Eg-stable hypersurfaces, with uniformly bounded 
mass, converge locally in the topology to some M which is itself an F-stable surface. 
Moreover if Fg converges to F in then Mg converges to M in 

Once again the assumption that TSP{sing{M)) < oo is sufficient to conclude the above. 


The following Lemma is essentially proven in [m Lemma 1] - we note that this is the only 
place we need to check for the theorems of Schoen-Simon to hold for surfaces with point 
singularities. 
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Lemma A.5. Let M € IV 2 {B^p^{Q)) he F-stable with 'H'^{sing{M)) < oo. There exist 
So = So{iJL, jjLipo) > 0 and C = C{p,,pipo) < oo, such that whenever pip < Eq and (j) is 
a bounded locally Lipschitz function vanishing in a neighbourhood of M f) dC{0, p), we have 

[ d'H'^ <C ( [ il-[iyuof)\yct)\^ dn'^ + pj [ </)2 d-H^ 

Jm \Jm Jm 

for any vq € S^. 


Proof. This follows by using a log cut-off argument. Notice that for any 5 > 0 sufficiently 
small we can cover sing{M) hy K = 'H^{sing{M)) disjoint ambient balls Br^{xi) such that 
maxi ri < 6 and also we will require that B^^{xi) are disjoint. 

Now, it is proved in |15) that this Lemma is true for bounded locally Lipschitz </> supported 
on reg{M). 

Now take any such tf, not necessarily vanishing on sing{M) and let 


0 




Vi ■ = 


log(^) 


if lx - xd < ri 


d ri < \x - Xi\ < ./r. 


if |x - Xi| > VM 


where |x — Xi| is the distance function for N from Xi - we can choose normal coordinates 
centred at Xi in order to do this, and for b sufficiently small. 

Now define ijj = Vi which is admissible in the above, thus 


[ (1-[i^-z/o]^)|VV'P /" (f'^Ylvt 

Jm \Jm Jm J 

K 

Jm 

-b (^(/rjAsup |(/)|^ sup f \ypif dPt^. 

i Jm 

We have used Young’s inequality with a and trivial estimates. 


Using this we have 



< 


lim lim C [ ((1 
fi^O s^o J 


K 

[i^■ izo]^){i + p)\V(j)\^ + dn^ + 

2=1 


-b lim lim (^(/ijAsup sup [ \\7pi\^ dPL^ 
fj.^0 S->-0 i J 

= c([ {i-[iz-izo]^)\vci)\^ dn^ + pj [ (t>^ dn^ 

\Jm j m 

where the last line follows if and only if 


as (5 —>■ 0. 



|V7?ip dn^ ^0 
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We check this now: recall that the monotonicity formula gives us the existence of some C 
such that for all sufficiently small p, 


[ d'H'^ < C{M)p^. 

J MnBr. 


Now set N 9 ^ — so that < 2^ri (we also assume N <2 logr^ and we have 

N n 


- 1/2 




f M 




and the result follows. 


1 


l = \ log 

N 


d-W 


^ E 


i=i log JMnB^i 


-v! 

1 i Jm 


dW 


N 


< 






□ 


Finally we state a theorem analogous to Theorem 12.111 in the setting of changing ambient 
metrics on N converging uniformly and smoothly to some limit. It can be proved using the 
methods in this paper, but using Theorem IA.3I instead of Theorem 12.II Below we will fix a 
smooth back ground metric on N, call it h and we say that metrics gk ^ 9 converge smoothly 
to some limit if they converge smoothly with respect to h. Moreover, we measure volume 
with respect to h (since this is equivalent to doing so via g and thus gk also), and we let 
indexk, index denote the index with respect to gk,g respectively. 

Theorem A.6. Let 2 < n < 6 and be a smooth closed manifold and {pfcjfceN a 

family of Riemannian metrics on N converging smoothly to some limit g. If {MJ}} G N is a 
sequence of closed, connected and embedded minimal hypersurfaces in (N,gk) with 

'H^{Mk) < A < oo and indexk{Mk) < I 

for some fixed constants A G R, / G N independent of k. Then up to subsequence, there exists 
a closed connected and embedded minimal hypersurface M C {N, g) where Mk M in the 
varifold sense with 

< A < oo and index{M) < I. 

We have that the convergence is smooth and graphical for all x G M\y where y = C 

M is a finite set with K < I and the following dichotomy holds: 

• if the number of leaves in the convergence is one then y = 0 i.e. the convergence is 
smooth and graphical everywhere 

• if the number of sheets is >2 

— if N has RicN > 0 then M cannot be one-sided 

— if M is two-sided then M is stable. 

Clearly then we recover Corollarv lA.7l in the case of changing background metrics: 

Corollary A.7. Let be a closed Riemannian manifold with RicN > 0 and 2 < n < 6. 

Denote by 911^ (A) the class of closed, smooth, and embedded minimal hypersurfaces M C 
{N,gk). Then given any 0 < A < oo, / G N and any sequence Mk G 971)) with W^{Mk) < A 
and indeXk{Mk) < I then there exists some M G such that (up to subsequence) 

Mk M in the topology for all k > 2 with single-sheeted graphical convergence. Moreover 
< A and index{M) < I. 
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